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Introduction and Definitions
It is well know what integers can be written in the form x2 + y2 for
x, y ∈ Z, but what if we add x2 and y2 coefficients? What if we add a
cross term? Our research this summer explored these possibilities.

The Forms

Definition 1. An integral binary quadratic form is a homogeneous
polynomial

Q : Z2 → Z

(x, y) 7→ ax2 + bxy + cy2

where a, b, c ∈ Z. Q is positive-definite if Q(x, y) > 0 for all
(x, y) 6= (0, 0), primitive if gcd(a, b, c) = 1, and reduced if

(R1) |b| ≤ a ≤ c,
(R2) b ≥ 0 if |b| = a or if a = c.

Definition 2. An integer m is represented by Q if there exist x, y ∈ Z such
that Q(x, y) = m.
Definition 3. The discriminant of Q is ∆ = b2− 4ac, and is fundamental if

(i) ∆ ≡ 1 (mod 4) is square free, or
(ii) ∆ = 4n, with n ≡ 2, 3 (mod 4) square free.

Henceforth, by “form” we mean primitive positive-definite integral
binary quadratic form.
Note: there are finitely many reduced forms of a fixed discriminant,
and the discriminant of a positive-definite form is negative.
Definition 4. The class number, h(∆), is the number of reduced forms of
discriminant ∆.

The Equivalence Relation

There is an equivalence relation between forms of the same
discriminant, which is defined using a Z-linear matrix transformation.
Definition 5. Equivalence is proper if the determinant of this matrix is 1, and
improper if the determinant is -1. Two forms are in the same proper
equivalence class if they are properly equivalent.

Fact: Properly or improperly equivalent forms represent exactly the
same integers (see [1] for details).

The Group

Proper equivalence classes partition the set of forms of a fixed
discriminant and create a group:
Definition 6. The form class group, C(∆), is the set of these proper
equivalence classes, and has order h(∆).

Each proper equivalence class has a unique reduced form, so we define
the group operation of the form class group to be the composition of
reduced forms (see [1] for a definition of composition). The
composition of forms Q1 and Q2 is denoted as Q1 ◦Q2.
Fact: If n1 and n2 are represented by Q1 and Q2, respectively, then n1n2
is represented by Q1 ◦Q2.
The inverse of a reduced form Q(x, y) = ax2 + bxy + cy2 is
Q−1(x, y) = ax2− bxy + cy2, and the identity element of the class
group, the principal form, is the unique reduced form that represents 1.
Note: A nice formula can be found for the principle form (see [1]).

Definition 7. Let a, b ∈ Z and a 6≡ 0 (mod b). Then a is a quadratic
residue modulo b if there is a solution to the equation a ≡ x2 (mod b) for
x ∈ Z, and a is a quadratic non-residue modulo b if there is no solution.

Results
Theorem (DEOTW) 1. Let ∆ < 0 and let S∆ be the collection of all forms of
discriminant ∆. If h(∆) is odd then there are infinitely-many positive integers
represented by all forms in S∆.
Theorem (DEOTW) 2. Let ∆ < 0 be a fundamental discriminant, and let S∆
be the set of all forms of discriminant ∆. If h(∆) is even, then m = 0 is the
only integer represented by all forms in S∆.

Ask me about the Hilbert class field!!

Proofs
Proof. (of Theorem 1)
Since h(∆) is odd, C(∆) has the following structure:

Q1(x, y) = x2 + b0xy + c0y2

Q2(x, y) = a1x2 + b1xy + c1y2

Q3(x, y) = a1x2− b1xy + c1y2

...
Q2n(x, y) = anx2 + bnxy + cny2

Q2n+1(x, y) = anx2− bnxy + cny2.
Using this structure we can create compositions to show that each form
represents ∏2n+1

i=1 aici. Also, if a form represents an integer m then it
represents k2m for all k ∈ Z. Thus all integers in the infinite set{

k2
(

∏2n+1
i=1 aici

)}
are represented by all forms of discriminant ∆.

Proof. (of Theorem 2)
We are guaranteed a reduced form, Q1, that represents only quadratic
residues and integers that are zero modulo ∆, and a reduced form, Q2,
that represents only quadratic non-residues and integers that are zero
modulo ∆. Any integer m ≡ 0 (mod ∆) can be written in the form
m = ∆k` for some k, ` ∈ Z such that ` 6≡ 0 (mod ∆) or ` = 0. We can
show that if m is represented by Q1 and Q2 then so is `. This forces ` to
be zero, since the only integers represented by both Q1 and Q2 are zero
modulo ∆.
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