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Background

Introduction

Interpolation Jack polynomials are certain polynomials P, in n
variables x1, . .., x;, indexed by partitions A, and with coefficients
in the field Q(x) for a fourth variable x. They were originally
defined by Knop and Sahi in 1996!, and later a combinatorial
formula was developed by Okounkov?. In our research we
primarily used the latter formula, given below:

Pr(x1, e xn) = Y. pr(k) H(xT(S) —a'(s) +I'(s)x)

T a reverse seT
tableau
of shape A

Example. The interpolation Jack polynomial associated with the
partition A = (2,0,0) is

oK (xy + xz + yz)
K+ 1 J J

6x% + 5% + 1 9x3 + 10x2 + 3k
— (x +y+z)
Kx+1 K+ 1

P(z,O,O)(x/y, Z) — x2 _|_y2 _I_Z2 4 <

Relevance

Consider the Lie algebra gl (1, C). We can form its universal
enveloping algebra, denoted U (gl (n,C)), which is a quotient of the
tensor algebra of gl (1, C) by a particular two-sided ideal. In the
1990s, Okounkov detined a particular basis, s,, of the center of
U(gl (n,C)) called the quantum immanants, which are indexed by
partitions with at most n parts.

Since gl (n,C) is also a group, we can consider its representations.
A theorem of Cartan and Weyl states that the irreducible
representations, V,,, of gl (1, C) are also indexed by partitions y
with at most n parts.

The action of gl (n,C) on each V), then gives rise to an action of
the s, on the V,. With this action, for any v € V;:

sy v =Py~ (p)v
Thus interpolation Jack polynomials are interesting because they
give the eigenvalues of elements of a basis for the center of the
universal enveloping algebra of gl (1, C) when that basis acts on
irreducible gl (1, C)-modules.
More generally, the derivatives of interpolation Jack polynomials

tend to appear when looking at actions on irreducible
representations of Lie algebras.?
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Goal

For all partitions A = (D1, Dy, D3) and u = (41, 42, 13), we would
like to find rational functions of «, C;}(K), such that

%,
$PA(x, y,z) =) C?}(K)Py(x, y,z)
H

Example 1.For A = (2,0,0) we can write:

d 5k + 3 —6Kx — 4 2
5o = (37) Poon + (551 ) Paaw + (s Poao

Results!

Which P, Appear

Conjecture 1. For partitions A and y, it
(@))_u; > ). D or
(b) 4 > A in lexicographic ordering,

then P, appears with a zero coefficient in the linear combination

for %PA. If A has one or two non-zero parts then this is an if and
only if condition.

In what follows we have u;, D; > 0 for all 7, and we assume that
the coetficients c;‘ are are not classified by conjecture 1.
Furthermore, for b > 0 we define

0’ = (@a+0)a+1)---(a+b—1)

When A = (Dl, D>, D3):

Conjecture 2.1f A = (D4, Dy, D3) and u = (11, 1, ¢3) then
if us — D3 <0

A 0
Cy = (D1—D3,Dy—D3,0) .
. by / otherwise

C
(11— D3,up—D3,13—D3)

When A = (Dl, 0, 0):

Conjecture 3.1f A = (D4,0,0) and # = (11,0,0) or u = (0,0, 0),
then

. D — U1 . Dl'
(—1)77h (D1—p1) pa!

X [(2K + pq)Pr M 4 (i + pg)PrM]
( + p1)P1 1
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Conjecture 4.If A = (D1,0,0) and u = (11, tp,0), then

_ D! (D;—pp—1)!
—1)P1—p1t+p2. 1\l
(—1) (D1—p1—p2)! (t1—p2)! po!

(K +p1— po+1)F2- (k + Dy — po)#2
Conjecture 5.1f A = (D1,0,0) and u = (u1, 42, 13), then

- D1!(pr—1)! _ _
/\(K) _ (—1)D1 Hi1+H2 . (,’1/11—,'142)1!((;;22—142)!(743)!(1( — U3 + 1)#3 : (K + 11 — 3+ 1)]/{3 Ty g
H

(kK + 1 — po+ )Pt (K + iy — 3+ 1)15 - (26 + py — pz + 1)1

c)‘(K) =

C

where S =

—H2— U3 - _ 1 : _ : .
Z (Dl M1 H2 1 ]) (] + H2 1) (2K+yl)D1—y1—y2—y3—] . (K—l- Dl — 105 _]-)]

When A = (Dl, D>, O):

Conjecture 6.If A = (D1, D;,0) and 4 = (¢1,0,0) or u = (0,0,0),
then
It D1 — u > 0:

(~1)Pr [P (D, — 1)1 [(x — 1) ()] [(2x + ur) PP D7) x S

A _ My
¢, (x) =
(k + 11 — Dp)P1=11 . (2 4 Dy — Dy)P2—(D1—1)

where S has:

Dl — U1 — 1 KZ(Dz—l)
D>, —1

constant term = (—1)">"1- Dy (g — D2 +1)7>71 - (Dy — Dy + 1)
If Dl — U1 = 0:

leading term = <

cy = (—1)P2- (D —1)!

Conjecture 7.1f A = (D1, D5,0) and 4 = (uq, 1p,0), then

It Up > D»:
_1\D1+Da—py s (D1=Dy)! (D1 —p1—1)!
ch(x) = SR (H1—p2)! (17/12—%72)! (EﬁlDz—Vl—ﬂz)!
H

(K +p1 — p2+1)F2702 - (k + Dy — pp) 2=

Note: To generate these conjectures, we wrote code in Sage to
generate the polynomials and linear combinations, and applied
various manual techniques to discover the formulas. (See [3].)

Future Work

e Complete the cases where we only have partial formulae.
* Iry to prove our conjectures.
* Try to generalize to n variable case!
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